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Aggregation affects the stability of the nanoparticles in fluids. For hydrophilic particles in aqueous suspensions, zeta
potential becomes a common measure to control the stability of the particles. However, it is not clear how zeta potential
impacts on the interaction of the particles during their close range contact when the hydration repulsion arises strongly.
This article demonstrates a method that uses the kinetic theory of aggregation for an aggregation system of changing
zeta potential to determine the hydration repulsion and the aggregation efficiency. It was found that the hydration repul-
sion has an equivalent electrical potential of 30 mV on the stem surface of the particles and an exponential decay
length of 2.77 Å. This hydration potential is equivalent to 12 mV zeta potential and contributes 29% to the aggregation
coefficient that is 5.5 3 1026 for a 30 mV zeta potential stabilized silica particle suspension. VC 2015 American Institute

of Chemical Engineers AIChE J, 61: 2136–2146, 2015
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Introduction

Solid nanoparticles in fluids, also referred as nanosuspen-
sions or nanofluids, have found a wide range of applica-
tions1,2 in, for instance, electronics, pharmaceuticals, coating,
personal and health care, and particularly the areas where
heat-transfer enhancement3–11 is required such as nuclear
reactor cooling, engine cooling, fuel cells, and heat exchang-
ers. It has been commonly known that to maintain the stabil-
ity of nanoparticles in fluids, that is, to prevent those
particles from aggregation, surface charges are normally
required12–17 to provide sufficient electrostatic repulsion18,19

between the particles according to the Derjaguin, Landau,
Verwey and Overbeek (DLVO) theory.20,21

Originated from von Smoluchowski,22 the study of aggregation
kinetics of colloidal nanoparticles has long been a central interest
to scientists of nanoparticles.1,23–25 It has to be mentioned that it
was also originated from von Smoluchowski22 that the population
balance method has become a widely adopted approach for study-
ing aggregation kinetics.26–30 Nevertheless, except that, Feke and
Schowalter24 investigated rapid coagulation of nanoparticles for
the cases based on Brownian diffusion and shear flow to find the
dependence of system stability related net aggregation rate on
system parameters. The core-shell method1,25,31 has also made an
impact on the diverse functionalities32–36 of the nanoparticles. It
has to be said that the aggregation status of the particles in a sus-
pension determines the stability23,24,37–45 and the properties46,47

of the suspension.12,24,25,45,48,49 Despite some studies on the sta-
bility ratio or the coagulation rate of nanoparticles using the frac-
tal method50–53 and the light scattering techniques,41,54 it has still
not been seen how the aggregation status can be quantified and
how it can be related to the fundamental interactions between the
particles.

Van der Waals attraction18 and the electrostatic repulsion
were regarded as the main forces that dominate the interac-
tions of the nanoparticles in fluids before Kruyt and De
Jong’s work55 on hydration repulsion emerged. As clearly
stated by Derjaguin56 that the repulsive forces between colloi-
dal particles should include the forces of the second kind in
the absence of electrolytes. The origin of this kind was indi-
cated to be solvation or hydration (solvation is a more general
term including both hydrophobic attraction57 and hydration
repulsion58 for hydrophobic and hydrophilic particles in aque-
ous suspensions, respectively; this article only refers to the
latter) but at that time this was only qualitative and an aware-
ness. It was then until 1970s, hydration force started receiving
an increased attention59–68 due to the fact that this force was
observed to arise strongly with an exponential decay length
of typically several Ås60–62,64,69 especially in biological sys-
tems,62,65,70 colloidal silica suspensions59–61,71,72 and other
environmental colloidal73 and polymeric systems.39,74 Some
studies have been carried out recently with molecular dynam-
ics simulations75–77 of the structural hydration force, it has
now become more and more clear that this force has an expo-
nential decay over a characteristic length of the order of Å
and plays a critical role in stabilizing hydrophilic nanopar-
ticles in aqueous suspensions.42,78,79 However, it is not clear
how this force together with the electrostatic and van der
Waals interactions is quantitatively connected to the aggrega-
tion of nanoparticles.

This article studies the aggregation of silica nanoparticles in
an aqueous suspension in which the change of zeta potential
takes place. It is to establish a quantitative relationship
between the collision success factor – the aggregation coeffi-
cient and the interaction energies based on a kinetic theory of
aggregation.80 Much effort is given to the determination of the
constants for the hydration repulsion and the calculation of the
collision success factor. An inverse population balance tech-
nique81–83 is used to extract the aggregation rate constants
from the experimental particle size distributions (PSDs).

Correspondence concerning this article should be addressed to L. Liu at l.liu@
hud.ac.uk.
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The Collision Success Factor

In kinetic theory of aggregation,80 the collision success
factor, wev (2), describes the probability of a collision
between two particles of volume e (m3) and v (m3) to suc-
ceed for an aggregate. In an overall perspective, it specifies
the fraction of the successful collisions for aggregation
between particles e and v. This factor was given in an analyt-
ical form80 for the case of no or negligible repulsion before
two particles collides. However, for systems where particles
undergo aggregation and have to overcome repulsion before
they can collide and aggregate, the collision success factor
for particles of volume e and v is given by

wev5ð11hev
�=hsÞexpð2hev

�=hsÞ (1)

where hs (J) is the ensemble average of the kinetic energy of
all particles in the system and hev

� (J) is the repulsion energy
— the critical relative kinetic energy (CRKE) of the collisions
between particles e and v. Equation 1 means any collisions
between these two types of particles with a relative kinetic
energy larger that hev

� would lead to aggregation. This critical
energy is understood as the energy resulted from a balance
between the attraction and repulsion forces in a collision.

According to the original kinetic theory,84 hs is

3kT=2 (2)

where k (J K21) is the Boltzmann constant and T (K) is the
thermal temperature of the nanoparticles in the suspension.
Also, for a system where particles are narrowly distributed
in size as seen in Figure 2a of the experimental section of
this article, Eq. 1 can then be approximated to

w5 112hc=3kTð Þexp 22hc=3kTð Þ (3)

where h�ev of Eq. 1 has been replaced by hc (J) for all the
particles.

The Critical Relative Kinetic Energy

The CRKE is defined as the energy at which a balance
between the attraction and repulsion forces on a particle in a
collision is reached.80 However, in the case of aggregation,
such a balance also refers to the equilibrium between the
monomers (the colliding particles) and the dimers (the aggre-
gated particles). In systems of hydrophilic nanoparticles sus-
pended in water where particles are also surface charged, the
attraction energy between those particles is attributed to the
van der Waals attraction,60,85 while the repulsion energy
between the particles is given by the sum of the electro-
static86 and the hydration potential energies.64,71 As also dis-
cussed by Hiemenz86 and will be seen latter in this article
from Figure 6b, the force balance refers to the peak of the

net potential energy curve which is thermodynamically
unstable so does not necessarily produce a stable aggregate;
while at the separation distance where a zero net energy is
reached, a stable aggregate would be considered to have
formed as any approaching contact closer than that the net
energy would become entirely attractive indicating a no
escape between the aggregating monomers. Therefore, the
CRKE in this article refers to either the attraction or the
repulsion energy when the sum of them is zero and the sepa-
ration distance between the two monomers at this point
refers to the equilibrium distance, seq.

The attraction energy between two particles is given by

2Al=24s (4)

where A (J) is the Hamaker constant, l (m) is the particle
size in diameter, and s (m) is the surface separation distance
between two contacting particles. The negative sign denotes
attraction. Note, Eq. 4 is a simplified form of the van der
Waals attraction potential86 with a uniform particle size l (an
average of the mean sizes in this article) and l >> s.

The electrostatic repulsion between two particles accord-
ing to the DLVO and the Gouy-Chapman theories86 can be
written as

32plcRT

j2
Tanh2 zFW0

4RT

� �
expð2jsÞ (5)

where c (mol m23) is the total molar concentration of the
ions in the suspension, R (J K21 mol21) is the gas constant,
T (K) is the thermal temperature, F (C mol21) is the Faraday
constant, z (–) is the valence of ions in suspension, and W0

(V) is the electrical potential on the surface of the particles.
j21 (m) is the “thickness” of the double layer and can be
calculated as ½e0erRT=ð2F2IÞ�1=2

where e0 (F m21), er (–),
and I (mol m23) are the dielectric constant of vacuum, rela-
tive dielectric constant of the medium, and the ionic strength
of the electrolytes in the suspension, respectively.

The hydration repulsion between two particles is written as

U0 exp ð2ksÞ (6)

where U0 (J) is a constant and k21 (m) is the characteristic
length of the exponential decay.

When the sum of the attraction and repulsion energies is
0, combining Eqs. 5 and 6 with Eq. 4 yields

32plcRT

j2
Tanh2 zFW0

4RT

� �
expð2jsÞ1U0 expð2ksÞ5 Al

24s
(7)

Taking approximations: Tanh zFW0

4RT

� �
! zFW0

4RT , expð2jsÞ !
12js, and expð2ksÞ ! 12ks, Eq. 7 can be solved to give a
valid analytical solution of s as seq

seq5
6RTU0j2112plcF2z2W0

22½36ðRTU0j212plcF2z2W0
2Þ226AlRTj3ðRTU0jk12plcF2z2W0

2Þ�1=2

12jðRTU0jk12plcF2z2W0
2Þ (8)

As the equilibrium distance should be greater than 0, that is, seq � 0, U0 has to satisfy

U0 � l3
ARTkj2224pcF2z2W0

21jfART½ARTj2k2148pcF2z2W0
2ðj2kÞg1=2

12RTj2
(9)
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For a nanosuspension where the particles are not surface
charged and electrolyte is absent, that is, W0 5 0, c 5 0, z 5 0,
and j21 5 0 namely j!1, Eq. 9 can be simplified to become

U0jW050 �
lAk
6

(10)

where U0jW050 denotes U0 at W050. This suggests that the lower
limit of the hydration repulsion constant can be estimated
according to Eq. 10, which requires only the knowledge of k.

Substituting Eq. 8 into Eq. 4 with the negative sign elimi-
nated as the CRKE is only concerned with the magnitude of
the energy, we have

hc5
AlðkK21jW0

2Þ

12 ðK21W0
2Þ2 ðK21W0

2Þ22
ARTj2ðkK21jW0

2Þ
12pcz2F2

h i1=2
� �

(11)

where K is defined as

K5
RTU0j2

2plcz2F2

� �1=2

(12)

It is clear that K has a unit of Voltage.

With j5 2F2I
e0erRT

� 	1=2

, Eq. 12 can be changed to

K5
U0I

plce0erz2

� �1=2

(13)

K is thus understood as equivalent to the electrical poten-
tial when the hydration repulsion at the surface of the par-
ticles is converted into the electrostatic energy at the local
electrolyte environment.

A further simplification can be made to Eq. 13 if the
medium environment is 1:1 electrolyte as the case in this arti-

cle. The ionic strength is then I5 1
2

P2
i51 cizi

25 1
2

P2
i51 ci5

c
2
,

where i (–) is the number of the ion types, ci (mol m23), and zi

(–) are their corresponding mole concentration and valence,
respectively. Equation 13 can then be changed to

Kj1:15
U0

2ple0er

� �1=2

(14)

where Kj1:1 denotes K at a 1:1 electrolyte.

In the case that the double layer exists and the particle
radius is much greater than the thickness of the double layer,
that is, l� j21 (as seen in Table 1), W0 can be replaced by
the zeta potential at the diffusion layer,12,13,19 W0 � f, Eq.
11 would then become

hc5
AlðkK21jf2Þ

12 ðK21f2Þ2 ðK21f2Þ22
ARTj2ðkK21jf2Þ

12pcz2F2

h i1=2
� � (15)

It should be noted that K and f appeared in Eq. 15 with a
same second order and similar coefficients. This suggests
that both K and f affect the calculation of hc and conse-
quently the aggregation coefficient according to Eq. 3 in a
similar way but independent of each other. seq expressed by
Eq. 8 can as well be changed to

seq5
K21f22 ðK21f2Þ22

ARTj2ðkK21jf2Þ
12pcz2F2

h i1=2

2ðkK21jf2Þ
(16)

The Aggregation Rate Constant

A population balance analysis is used to extract the aggre-
gation rate constants based on the Moment method82,83 and a
discretization technique81 with the use of the measured nano-
particle size distributions. A brief discussion of this method
and the numerical technique is given below.

The population balance equation for nanoparticle aggrega-
tion in a well-mixed system with the change of zeta potential
monitored can be written as

@nðf; vÞ
@f

5
1

2

ðv

0

bðf; e; v2e; Þnðf; eÞnðf; v2eÞde2nðf; vÞ

3

ð1
0

bðf; e; vÞnðf; eÞde
(17)

where n (m26) is the number density of the particles. b (m3

V21) is the so called aggregation kernel and is a function of
particle size and f. On the right-hand side of Eq. 17, the first
term is called the “birth rate” — the rate of the collisions
between particles of volume e and v2e resulting in the “birth”
of the particles of v. The second term is called the “death
rate”—the rate of the collisions between particles v and any
size of particles leading to the “death” of the particles v.

According to von Smoluchowski22 for particles undergoing
Brownian motion, the aggregation kernel can be expressed as

2kT

3l
ðe1=31v1=3Þðe21=31v21=3Þ (18)

where l (Pa s) is the viscosity of the continuous phase in the
suspension and k (J K21) is the Boltzmann constant.

However, not all the collisions lead to aggregation, the
collision success factor that quantifies the successful aggre-
gations should be applied.80 Thus

Table 1. The Properties of ST50 and Parameters Used for the Evaluation of hc

Hamaker Constant
for Silica, A (J)

Vacuum dielectric
constant, e0 (F m21)

Relative dielectric
constant of medium,

er (F m21)
Boltzmann

constant, k (J K21)
Faraday constant,

F (C mol21)

Total molar
concentration of ions,

c (mol m23)
0.46 3 10220 8.85 3 10212 80 1.38 3 10223 9.65 3 104 534.19a

Ionic strength, I
(mol m23)

Valence, z Gas constant, R
(J K21 mol21)

Particle size, l (m) Debye length, j21 (m) Viscosity of the
medium, l

(mPa s)
267.10a 1 8.31 1.22 3 1028b 5.94 3 10210c 50

aBased on 0.6%wt NaOH.
bAverage of the 1–0 mean sizes.
cCalculated according to ½e0erRT=ð2F2IÞ�1=2

The temperature, T 5 298 K.
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bðf; e; vÞ5wðfÞ 2kT

3l
ðe1=31v1=3Þðe21=31v21=3Þ (19)

A size dependent function f ðe; vÞ (–) and a rate constant b0ð
fÞ (m3 V21) of the aggregation kernel can then be defined as

f ðe; vÞ5ðe1=31v1=3Þðe21=31v21=3Þ (20)

b0ðfÞ5wðfÞ 2kT

3l
(21)

In Eq. 21, the analytical form of wðfÞ is given by Eq. 3
where hc takes the expression of Eq. 15.

In the extraction of the rate constants from PSDs, the
Moment method82 transforms Eq. 17 into a Moment form by
integrating its both sides over the range of v from 0 to1. Tak-
ing Eqs. 20 and 21 into consideration, Eq. 17 can thus become

@nðf; vÞ
@f

5b0ðfÞ

1

2

ðv

0

f ðe; v2e; Þnðf; eÞnðf; v2eÞde2nðf; vÞ
ð1

0

f ðe; vÞnðf; eÞde

� �

5b0ðfÞ Bðf; vÞ2Dðf; vÞ½ �
(22)

where
Ð v

0
f ðe; v2eÞnðf; eÞnðf; e2vÞde5Bðf; vÞ and nðf; vÞ

Ð1
0

f
ðe; vÞ nðf; eÞde5Dðf; vÞ.

Bðf; vÞ2Dðf; vÞ can then be calculated using a numerical tech-
nique81 that discretises the entire particle size range into a series
of intervals with a progression of 1=2 in volume size from the
small to its neighbouring large ones. This technique transforms
Eq. 22 into a series of ordinary equations in terms of the discre-
tised sizes so that the numerical solution of the number density of
the particles in each size interval can be numerically solved

Bðf; vqÞ2Dðf; vqÞ ffi Np21

Xp22

q51

2q211pfp21;qNq

1
1

2
fp21;q21 Np21

22Np

Xp21

q51

2q21fp;qNq2Np

Xneq

q51

fp;qNq (23)

where the subscripts p and q denote the discretised size
intervals and neq means the largest sequence number of the

discretised size intervals and is determined by
ln ðvmax =vmin Þ

ln 2
11

where vmax and vmin are the maximum and minimum particle
volume sizes from experiment, respectively. N (m23) repre-
sents the number of the particles per unit volume in the
denoted size intervals by its subscript.

Multiplying vj=3 to both sides of Eq. 22 and integrate it
over v from 0 to 1, we then have

ð1
0

vj=3 @nðf; vÞ
@f

dv5
dmjðfÞ

df
5b0ðfÞ

ð1
0

vj=3½Bðf; vÞ2Dðf; vÞ�dv

� b0ðfÞ
Xneq

q51

vq
j=3½Bðf; vqÞ2Dðf; vqÞ�

(24)

where the jth Moment: mj, is defined as
Ð1

0
vj=3nðvÞdv with

j 5 0, 1, 2, 3, 4. It is clear that m0 (m23) and m1 (m22)
represent the total number and length of the particles per
unit spatial volume, respectively; m2 (m21) and m3 (–) corre-
spond to the total surface area and total volume of the par-
ticles per unit spatial volume when appropriate particle
shape factor is applied, respectively. The aggregation rate
constant b0ðfÞ can be obtained by

b0ðfÞ5
DmjðfÞ=DfPneq

q51 vq
j=3½Bðf; vqÞ2Dðf; vqÞ�

(25)

It should be pointed out that as the calculation of dmjðfÞ=df
is approximated by DmjðfÞ=Df in Eq. 25, the step size Df can
affect the accuracy of the estimated b0ðfÞ if mjðfÞ is not line-
arly related to f. It is generally true that more f points and
smaller step size Df would give a more accurate estimation of
b0ðfÞ. The experiment presented in this article as seen in the
next section has nine f points measured. It can also been seen
from Figure 3 that the measured f points are more concentrated
in the region (from 215.6 to 24.66 mV) where a dramatic
change of b0ðfÞ has taken place, it can thus be said that the
number of the measured f points has provided to a large extent
a sufficient information for representing the trend of b0ðfÞ.

The whole method described in this section for obtaining
the aggregation rate constants, in the last section for

Figure 1. The schematic representation of the experimental setup.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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calculating the CRKE and in a previous section on collision
success factor can now be integrated together to develop an
inverse technique to determine U0 and k for the hydration
repulsion. First, calculate b0ðfÞ from the experimental PSDs
based on Eq. 25; second, using Eq. 21 to calculate the colli-
sion success factor wðfÞ; and finally according to the analyt-
ical form of wðfÞ in Eq. 3 and the CRKE hc in Eq. 15,
using nonlinear model regression techniques such as mini-
mising the sum of squares to best fit the data of wðfÞ to
determine U0 and k.

Experimental

Materials and setup

The experiment was designed to demonstrate the aggrega-
tion of nanoparticles in a liquid by changing zeta potential.
The materials used in this experiment were a silica nanopar-
ticle suspension (SNOWTEX ST50, Nissan Chemicals,
America Co.) and a 2.0%wt HCl solution for titration. The
SNOWTEX ST50 is colloidal silica made by growing mono-
dispersed, negatively charged silica particles in water.

Figure 2. (a) The experimental results of the change of the nanoparticle size distribution with f, (b) The total num-
ber of the particles m0, (c) The 1–0 mean sizes, and (d) The comparison of the volume fractions of the
particles between the population balance simulation and the experimental measurement.

Note, in (b), (c), and (d), the dots and lines are for the experiment and the simulation, respectively. The error bars indicate the

accuracy of experimental measurements. l (nm), vðlÞ (nm21), and lm (nm) denote the particle size in diameter, the volume density

of the particles of diameter l, and the mean size, respectively.

2140 DOI 10.1002/aic Published on behalf of the AIChE July 2015 Vol. 61, No. 7 AIChE Journal



[OH]21 ions exist at the surface of the particles with an elec-
trical double layer formed by alkali ions. Stabilization is
achieved by the repulsion between the same negatively
charged particles. The key properties of ST50 are listed in
Table 1.

The experiment was carried out at a temperature of 25�C in a
500 mL vessel that was connected to an online backward light
scattering instrument87,88 (Malvern Instruments Plc) for the real
time measurement of zeta potential and size distribution of the
nanoparticles. The suspension flow was driven by a positive dis-
placement pump and monitored by a pH and temperature probe.
A small agitator was used to facilitate the mixing of HCl in the
vessel with the suspension and to ensure that the suspension
was well-mixed before measurements were taken. The sche-
matic structure of the experimental rig is illustrated in Figure 1.

The experimental results

Figure 2 shows the change of the PSD with f (Figure 2a)
and their corresponding total number of particles: m0 (dots
in Figure 2b) and mean sizes lm (m1=m0, dots in Figure 2c).
It is clear from this figure that the nanoparticles have experi-
enced a process of progressive aggregation.

The Modelling Results

The modelling procedure is described as follows.
First, use the zeroth Moments calculated from the meas-

ured size distributions of the nanoparticles at different f
(shown in Figure 2a) to extract the aggregation rate constants
according to Eq. 25.

Second, use the extracted aggregation rate constants to
carry out a forward population balance simulation to com-
pute the theoretical PSDs and compare them with the experi-
mentally measured ones (Figure 2a) to justify the extracted
rate constants.

Finally, convert those rate constants into the numerical
values of the collision success factor at different f according
to Eq. 21 and use the analytical expression of w in Eq. 3
with the mathematical form of hc in Eq. 15 and the Nonli-
nearModelFit built-in on Mathematica 9.0 (Wolframe

Research Inc.) to determine U0 and k for the hydration
repulsion.

The extracted aggregation rate constants and the
population balance modelling results

Figure 3 shows the extracted aggregation rate constants
and it is clear from this figure that with the decrease of the
magnitude of f the rate constant increases, which suggests a
weakening repulsion.

Figure 2d shows the comparison of the volume fractions
of the nanoparticles between the experimental (dots) and the
population balance simulation (lines); the size distribution
corresponded total number and mean size of the particles are
shown in Figures 2b and c (in both figures, dots are experi-
mental and lines are modelling), respectively. It is clear
from Figure 2b–d that the population balance model based
simulation results are largely in agreement with the experi-
mental data. This justifies the method to obtain the aggrega-
tion rate constants and suggests that these constants can be
taken for the calculation of the collision success factor.

The hydration repulsion constant and the characteristic
length of the exponential decay

According to Eq. 21, divided by 2kT=3l, the extracted
aggregation rate constants can be converted into the collision
success factor, as the numerical value of 2kT=3l does not
change with f, the plot of w against f thus has a same shape
as Figure 3.

It is expected that Eq. 3 is able to describe the theoretical
relationship between w and f with Eq. 15 for the evaluation
of hc. In Eq. 15, except for k and U0 (included in K in Eqs.
12–14) other parameters are calculated and given in Table 1.
Based on Eq. 3 and those parameters in Table 1, the best fit
to the collision success factor data generated U0 5 4.93 10220

(J) and k 5 3.61 3 109 (m21), that is, k21 5 2.77 3 10210 (m).
The regression statistics are given in Table 2.

As seen from Table 2, that the confidence level of the non-
linear fit was 99%, the extremely small P-Values for both U0

Table 2. The Statistics of the Regression for U0 and k

Estimate Standard Error t Statistic P-Value R2 Confidence Level Parameter Confidence Intervals

U0 4.93 3 10220 3.44 3 10222 143.54 2.10 3 10213

0.98 0.99
(4.81 3 10220, 5.06 3 10220)

k 3.61 3 109 1.19 3 10251 3.02 3 1060 1.14 3 102421 (3.61 3 109, 3.61 3 109)

Figure 4. The collision success factor.

Note, the dots are the data calculated from the extracted

aggregation rate constants and the curve is plotted using

w5 112hc=3kTð Þ exp 22hc=3kTð Þ with U0 5 4.93 3
10220 and k 5 3.61 3 109 for hc in Eq. 15.

Figure 3. The extracted aggregation rate constants b0

changing with f.
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and k reject the null hypothesis: zero coefficients, R2 5 0.98
and the parameter confidence intervals especially that for k
confirms the goodness of the fit and justifies the two con-
stants. It is important to point out that the two constants
strongly agree with that suggested in literature.61,62,64,65,75,89,90

Figure 4 shows a comparison between the success factor
data (dots) and the theoretical relationship expressed in Eq.
3 and it can be seen from this figure, when f 5 0, w 5 0.014.
This suggests that in an aqueous suspension of silica nano-
particles, if the particles are not surface charged and electro-
lytes are not present, due to only the hydration repulsion, the
probability of two colliding particles to succeed for an
aggregate is about 1.4% and among all the collisions taking
place in the system, around 1.4% of them would succeed for
aggregates. It can also be calculated according to Eq. 3,
when the magnitude of f 5 30 mV, the collision success fac-
tor is approximately 5.5 3 1026.

The Equilibrium Distance, the Critical Relative
Kinetic Energy and the Hydration Repulsion

The equilibrium distance and the critical relative kinetic
energy

The equilibrium distance is the surface separation distance
between two colliding particles when the sum of their repul-
sion and attraction energies have reached zero. Its solution is
given by Eq. 16. This distance depends on f as it affects the
electrostatic repulsion and is shown in Figure 5a. The CRKE,
represented by Eq. 15, divided by kT is shown in Figure 5b.

It is seen from Figure 5a, with the increase of the magni-
tude of f, seq approaches 0, which indicates that the aggrega-
tion between particles becomes more and more difficult.

This is because according to Eq. 4, a small seq will produce
a large hc, w will then become small according to Eq. 3 thus
reduces the chance of the successful aggregations. In Figure
5b, the point of hc=kT at f 5 0 (the lowest point on the
curve) corresponds to the case when the hydration repulsion
is the only repulsion that balances the van der Waals attrac-
tion and its corresponding equilibrium separation distance as
shown in Figure 5a is approximately 0.6 Å.

The hydration repulsion

The hydration repulsion now expressed as
U54:93 10220 exp ð23:61 3 109sÞ, divided by the thermal
energy (kT) of the nanoparticles in the suspension, is shown
in Figure 6a (the line with f 5 0).

The exponential decay length k21 is calculated to be 2.77
Å – less than half of the Debye length (j21 5 5.94 Å given
in Table 1) suggests that the hydration repulsion is a shorter
range interaction than the electrostatic repulsion.

Figure 6a also shows a comparison between the van der
Waals attraction, the hydration (f 5 0) and the electrostatic
repulsions for f 5 –30, 220, and 210 mV. It can be seen from
this figure, compared to the electrostatic repulsion at f 5 –30
mV, the hydration repulsion appears to be stronger when the
separation distance is shorter than approximately 0.5 Å.

Figure 6b shows the sum of the van der Waals attraction,
the electrostatic and the hydration repulsions. It is clear from

Figure 5. (a) The equilibrium distance seq changing
with f. (b) The CRKE, hc=kT changing with f.

Figure 6. The comparison between the van der Waals
attraction, the hydration and the electrostatic
repulsions where u (J) represents in general
the energy and s (Å) denotes the separation
distance between the surfaces of the particles.

unet means the net potential energy. (a) The individual

energies and (b) the sum of the energies. Note, in the

legends, f 5 0 refers to the hydration repulsion only but in

(b) this means the sum of the attraction and hydration

repulsion only.
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this figure that if particles are not surface charged and there
are no electrolytes in the suspension, that is, f 5 0, for two
particles to become aggregated, they have to overcome a
basic energy barrier that is approximately 3.2kT attributed to
the hydration repulsion.

As k is now determined and indeed in the range of several
Ås, the right-hand side of Eq. 10 can be calculated to be
3.39 3 10220 (J), approximately 8.24kT, which is a rather
good estimate to the determined U0 5 4.93 3 10220 (J),
approximately 12kT. This means that Eq. 10 can be used to
calculate an initial numerical value of U0 for the nonlinear
regression of the w data to determine U0 and k.

The Hydration Potential

K, given by Eq. 13, regarded as an equivalent electrical
potential at the surface of the nanoparticles when the hydra-
tion repulsion is converted into the electrostatic energy, is

calculated to be 630 mV. With k21 being less than half of
j21, this suggests that K can be essentially considered as an
additional potential to the double layer electrostatic potential
at the stem surface of the nanoparticles, to name it: the
hydration potential. It is additional to and independent of the
electrostatic potential as shown in Eqs. 15 and 16.

Compared to the recognition that normally a magnitude of
30 mV56,91 of f would be able to stabilise a hydrophilic
aqueous colloidal system, this calculated K 5 630 mV is
thought to be a rather strong potential additional to f. If
without this hydration potential, that is, K 5 0, the equilib-
rium distance seqjK50, is shown in Figure 7a.

It is seen from Figure 7a, when f 5 0, seqjK50 ! 1. This
means when the electrostatic repulsion is effectively 0 and if
the hydration repulsion does not exist, according to Eq. 7 the
only way for the van der Waals attraction to be “balanced”
is that the equilibrium distance becomes 1.

A comparison for the CRKE hc=kT between K 5 0 and
K 5 30 mV can also be made and is shown in Figure 7b. It
is clear from Figure 7b, the difference between these two
lines is the hydration repulsion at seq 5 0.6 Å, approximately
9.4kT. For hcjK50 (the dashed line), when f 5 0, it is 0 (the
lowest point), which suggests that the collision success factor
has reached the maximum value: 1 as indeed seen from Fig-
ure 7c (the dashed line). This is because at this f point the
total repulsion is 0 all the collisions would succeed for
aggregation.

As seen from Figure 7c, without the hydration potential,
the collision success factor could become considerably larger
than that with the hydration potential and for a same colli-
sion success factor, that would require a much higher double
layer electrostatic potential. For instance, with K 5 30 mV
and f 5 30 mV, w 5 5.5 3 1026; however, to achieve the
same w value if K50, f should be 42 mV. This means that a
30 mV hydration potential is equivalent to a 12 mV electro-
static potential and the contribution from the hydration
potential to the collision success factor in preventing the par-
ticles from aggregation is 29% in a 30 mV zeta potential
system.

Based on the above discussion, it follows that a suggestion
of a figure of 1026 collision success factor may be made as
a criterion to justify a relatively stable suspension. This fig-
ure corresponds to an equilibrium distance of 0.23 Å, a 33
mV zeta potential in addition to a 30 mV hydration
potential.

It is worth pointing out that it is the mathematical form
Eq. 1 of the collision success factor that laid the foundation
for the whole approach to work. It created a link between
particle interaction energies and aggregation rate constant.
The method itself does not have limitation as far as the
determination of the hydration repulsion constants concerns
as long as the PSD can be measured accurately.

It should be commented that Eq. 1 was derived from a
normalized relative velocity distribution function,80 which
has eliminated the effect of particle concentration and colli-
sion mechanism. Nevertheless, because the normalized
velocity distribution function was based on Maxwell’s distri-
bution, if the velocity distribution of particles in a fluid sys-
tem deviated far away from Maxwell’s, then Eq. 1 may
become problematic. However, for most particle-fluid sys-
tems, the velocity distribution of particles still follows the
Maxwell’s or can be described by higher orders (mostly a
second order would be sufficient) of the Chapman-Enskog
approximation92 which is still based on the Maxwell’s

Figure 7. (a) The equilibrium distance seq at K 5 0. (b)
and (c) are the comparisons for hc and w

between K 5 0 (the dashed lines) and K 5 30
mV (the solid lines), respectively. Note, in (c),
the solid line with dots has been shown in
Figure 4.
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distribution, then the validity of the mathematical form Eq. 1
will still largely hold.

It is interesting to mention that there are studies on the
temperature dependence93,94 of the hydration repulsion but
this is not the scope of this article.

Conclusions

The hydration repulsion is found to have an equivalent
electrical potential of 30 mV in magnitude at the stem sur-
face of the silica nanoparticles and a 2.77 Å exponential
decay length that is less than the Debye length and suggests
that the hydration repulsion is a shorter range interaction
than the electrostatic repulsion. In the silica system studied,
the hydration repulsion contributes equivalently a 12 mV
electrostatic potential in addition to the 30 mV zeta potential
and accounts for 29% in forming the collision success factor
to prevent the nanoparticles from aggregation. Due to this
inherent approximately 3.2kT hydration repulsion in hydro-
philic silica nanoparticle suspensions, the maximum aggrega-
tion coefficient of the particles is approximately 1.4%. It
should also be pointed out that it is the collision success fac-
tor that justifies the relative stability of a nanoparticle sus-
pension neither the hydration potential nor the zeta potential.
1026 may become a useful figure for collision success factor
to justify a relatively stable suspension. However, zeta
potential combined with the hydration potential can be used
to quantitatively manipulate the aggregation efficiency of the
nanoparticles as to provide a way for the stability control of
the hydrophilic nanoparticles in aqueous suspensions.

Notation
A = Hamaker constant, J
B = size dependence birth of particles, m29

c = total molar concentration of the ions in the suspension, mol
m23

D = size dependence death of particles, m29

f = size dependence function in aggregation kernel, (–)
F = Faraday constant, C mol21

I = ionic strength, mol m23

k = Boltzmann constant, J K21

l = particle size in diameter, m
lm = particle mean size in diameter, m
mj = jth moment, mj–3

n = particle number density, m26

neq = largest sequence number of the discretised size intervals, (–)
N = number of particles per unit volume in a discretised size inter-

val by subscript, m23

p, q = discretised particle size intervals, (–)
R = gas constant, J K21

s = surface separation distance between particles, m
seq = equilibrium separation distance between particles, m

seqjK50 = equilibrium separation distance between particles when K 5 0, m
T = thermal temperature, K
v = size of individual particles in volume, m3

vðlÞ = volume density of the particles of diameter l, m21

vmax = largest particle volume size from experiment, m3

vmin = smallest particle volume size from experiment, m3

z = valence of ions, (–)

Greek letters

b = aggregation kernel, m3 V21

b0 = aggregation kernel rate constant, m3 V21

e = size of individual particles in volume, m3

er = relative dielectric constant of a medium, F m21

U = hydration repulsion, J
U0 = hydration repulsion constant, J

U0jW050 = U0 at zero surface charge: the lower limit of U0 for its initial
estimate, J

j = double layer exponential decay constant, m21

k = exponential decay constant of hydration repulsion, m21

K = equivalent electrical potential of hydration repulsion at the
surface of a particle, V

Kj1:1 = Kat 1:1 electrolyte, V
l = viscosity of the continuous phase, Pa s
w = collision success factor, (–)

wev = collision success factor between particles of volume size e
and e, (–)

hc = critical relative kinetic energy, J
hcjK50 = critical relative kinetic energy when K 5 0, J

hs = ensemble average kinetic energy of particles, J
h�ev = critical relative kinetic energy between particles of volume

size e and e, J
W0 = electrical potential on the surface of the particles, V

f = Zeta potential, V
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